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Infinite series of real numbers are a topic thaiognts usually encounter in their
first courses of Calculus, however this notion Ima$ received much attention by
research, and research has focused mostly on legrdifficulties. Our research

focuses on the teaching of series and on the coesegs of institutional choices on
students’ learning. After having analysed textboaksl teaching practices, we
conjectured the presence of some contract rulélsarexisting praxeologies to teach
series which might have an impact on students’ ey The analyses of the
responses to a questionnaire seems to indicate itfsditutional choices lead the
students to learn series without being able tordefivhat a series is, and without
being able to identify any application of this rooti

INTRODUCTION

Infinite series of real numbersdriesin what follows) have been at the heart of the
development of Calculus and appear in the prograirtbe introductory Calculus
courses in many countries together with the teachof sequences, limits,
derivatives, and integrals. Series have many agpdics within mathematics (such
as the writing of numbers with infinite decimals tbe calculation of areas by means
of rectangles), and also outside of the field otthramatics (as the modelling of
situations such as the distribution of pollutamtshe atmosphere, or the growing of
interests in bank accounts), which may justify tipasition in Calculus courses.

In Canada, the organisation of education and eaffigurricula is under the
jurisdiction of each province. In Québec, computseducation finishes at the age of
16. For students who wish to pursue university isgjdhe completion of two years
of pre-university studies, calledollégial is required. For students who want to
pursue scientific or technical careers, Calculusnisoduced during theollégial
studies, and it is at this time that series fifgiear.

Our PhD research (Gonzalez-Martin, 2006), aboulgéwing of improper integrals,
led us to conjecture that students’ learning olesecould be mostly based on routine
aspects. As we discuss in the next section, litegaled us to see that most of the
scarce research about series has focused onehenirlg, but not on their teaching.
For this reason, we decided to analyse how senespeesented ircollégial
textbooks (Gonzalez-Martin, Nardi & Biza, 2011)dan study how they are taught
by collégial teachers (Gonzalez-Martin, 2010), while adoptingaathropological
approach (Chevallard, 1999) and acknowledging tbg tole that thecollégial
institution and its choices play in the learning saries. After our analyses, our
results led us to conjecture the existence of soamdract rules[1] which might



have an impact on students’ personal relation sihies as a consequence of
teaching practices. The purpose of this paper tBstouss our results regarding some
of thesecontract rulesand their impact on students’ learning about serie

In the next section, we summarise some previousdtsegbout the learning of series
found in literature, and we add our own resultsuatitbeir teaching and we discuss
the existence of twoontract rules We continue by presenting the main points of the
anthropological approach that we adopted, in otaleliscuss later our methodology.
After this, we show our data analysis concernirgyeéffect of thecontract ruleson
students’ learning. We complete this paper withesdmal remarks.

BACKGROUND

Research literature in mathematics education fogush series is scarce. Regarding
their teaching, series appear implicitly in Rob®(2982) work, where she states that
inadequate conceptions of convergence of sequdaaed in university students in
France could be, in part, due to the exercises ustzhching. More recently, Bagni
(2000) identified two levels in the constructionahotion in someone’s mind (the
operational and thestructural levely, and observed that this distinction is not
usually considered in the teaching of series.

Other results focus on the learning of series, fcKidron’s (2002) who identifies

some difficulties linked to series themselves (saslthe use of the potential infinity,
for instance), or the confusion between sequenceb series (Kidron, 2002;

Mamona, 1990). A more exhaustive summary of liteeatan be found in Gonzéalez-
Martin, Nardi & Biza (2011).

As we are interested in the teaching of seriesiamgbme possible consequences
linked to their teaching, we undertook a researdgmam on different stages. For the
first stage, we analysed a sample of 17 textbosks incollégial studies in Québec
over a period of 15 years: from 1993 to 2008 (Geez8artin, Nardi & Biza,
2011), paying special attention to the praxeologse® next section) privileged by
textbooks. Our main results can be summarisedl@svi

R1. Series are usually introduced through praxeefoghich do not lead to a
guestioning about their applications raison d’étre They do not seem to
solve any specific problem.

R2. Praxeologies tend to introduce series as aitoorder to later introduce
functional series, but the importance of sepesseis usually absent.

R3. Praxeological organisations tend to ignore sofmie main difficulties in
learning series identified by research.

R4. The vast majority of tasks concerning seriesralated to the application of
convergence criteria, or to the application of alfponic (or previously
exemplified) procedures.



The second stage of the research consisted insanglyhe use of textbooks that
collégial teachers make, and whether through their practiceg attempt to do
something different from what is usually presentedthe textbooks (Gonzalez-
Martin, 2010). This is, we tried to analyse whetti@mre are important differences
between theknowledge to be taughénd theknowledge actually taughtOur
interviews with five teachers revealed that theyhsidered their textbook as
adequate for the teaching of series, and that tpmctices tended to mostly
reproduce what was presented in their textbookscWd even identify somgaps
between theididactic intentionsand their practices: for instance, some teaclsds s
that during the teaching and learning of seriessiimportant to feel that the
arithmetic of infinity is different; however, in ¢htasks they privileged, it was not
possible to see how these tasks could help thelests to achieve this.

As a consequence of the results of these two stagesonjectured the existence of
some implicitcontract rulesin the teaching of series in tlwellégial institutions in
Québec. For the purposes of this paper, we wilf didcuss the two following ones:

Rule 1 “To solve the questions about series that arergitheir definition is
not necessary”.

Rule 2 “Applications of series, inside or outside of mamatics, are not
important”.

These two rules have been chosen for this papaukedhey are related to two main
activities in mathematics: defining [2] and modajliRule 1could be a consequence
of R2andR4; as series seem to be presented as a tool tauteoother notions, and
as the tasks seem to be organised around the afpmhicof criteria, students might
develop the idea that they do not need to be abtietine series in any way, since
this knowledge is not required to succeed in tlskgavhich are propose&ule 2
could be a consequence®1 andR4; the praxeologies tend to introduce series as a
notion which does not solve any particular probkmad the focus is established on
the application of convergence criteria, withoutigg any importance to the utility
that knowing that a series converges or divergeddcbbave. We believe that these
contract rules participate in the characterisatbrihe institutional relation of the
collégial institution to series, which might have consequsrioe students’ personal
relation to series and for the learning of otherars. We do not advocate that being
able to define series in some way, or knowing @ailons of series, are indicators of
a good learning of series. Our intention is to better enstand the personal relation
of thecollégial students to series as a consequence of instittpractices.

To verify whether these rules have an impactaliégial students’ personal relation
to series, we decided to create a sample of stedert to apply a questionnaire (for
other examples of this type of work, see for inseaKouidri, 2009).



THEORETICAL FRAMEWORK

As we have said before, our research follows arhrapblogical approach
(Chevallard, 1999), as we recognise the importalet of institutional choices in the
learning of mathematics, and the repercussionsesfe choices.

Chevallard’'s (1999) anthropological theory attemptis achieve a better
understanding of the choices made by an instituticarder to organise the teaching
of mathematical notions. This theory recognises thathematical objects are not
absolute objects, but entities which arise fromgheectices of given institutions and
that every human activity consists in completingceatain type of task. These
practices can be described in terms of tasks, tgabs used to complete the tasks,
technologies which both justify and explain theht@ques, and theories which
include the given discourses. According to thisotlie every human activity
generates an organisation of tasks, techniquebndémgies and theories which
Chevallard designates asaxeology or praxeologic organisationA praxeological
analysis allows us to characterise the instituligatation to mathematical notions
within given institutions. This institutional relah is mainly forged through the
exercises (or tasks), and not only through the réteal explanations (Kouidri,
2009). Praxeological analyses are useful to desgrbxeological organisations, but
also to identify the existence of (sometimes imflicontract rules which are rules
that the institution fosters through its practi@@sund a mathematical notion and
which contribute to determine the institutionalatedn to a mathematical notion.
This institutional relation and itgontract rulesplay an important role in the
development of the learners’ personal relation e mathematical notions s/he
learns within the institution.

In our case, our praxeological analysis of the hewr of series (both in textbooks
and in teaching practices) led us to identify sqrexeological organisations in the
teaching of series (see Gonzalez-Martin, Nardi &BPR011), and to identify some
implicit contract ruleswhich may have a direct impact on the developnoérihe
students’ personal relation with series.

METHODOLOGY

To verify the impact of theontract rulesl and 2, among others, on the students’
personal relation with series, we created a sawipB2 students in their second year
of collégial studies (where series are introduced) after thehteg of series had
occurred. These 32 students come from three diffeteachers, who we name
teacherdA, BandC. Our sample consists of 4 students from teadhigeferred to as
students Al to A4), 14 students from teadBdreferred to as students B1 to B14),
and 14 students from teacl@(referred to as students C1 to C14).

We constructed a questionnaire with 10 questiomsing to assess the students’
learning about series, as well as to verify ourjecmires about the impact of the
contract ruleson their learning. The questionnaires were adnmatisd in May 2011



during one of their courses (approximately 55 nesut duration), and the students
participated voluntarily.

In this paper, we discuss the students’ respomstetthree following questions:

Question 1

Define the notion of “numerical series” or “infimisum”.

Question 3

Name at least two different applications of semethe field of mathematics.

Question 4

Name at least two different applications of seriasa field different than
mathematics.

For one of these applications, create a realistblpm whose resolution requires the
use of series. Solve the problem.

In the next section, we present and comment omrdbelts obtained to these three
guestions.

DATA ANALYSIS

In this section, we present and discuss our dategoh of the three questions.
Question 1

The distribution of responses to this questiomesfollowing:

Correct definitions with her/his own words expligit B4, B13
mentioning a sum or the addition of terms.

“Let {a} be a sequence, we writeAl, A4
ian=a1+a2+a3+...” Bl
n=1

“An infinite series has the formiaK"‘l. We multiply Cl1

k=1
a constant by a number till infinity. We add aleth
terms.”

Other definitions mentioning the necessity of dieiyn A2
an equation, or finding some logic among the terms{ g3 15 B14

Some of these_definitions iIIustr_ate confusion lestny c3. C4, C5, C8, C9,
sequences, series and other notions. C12.C13. C14

Definitions showing some confusion betwed?, B6, B9
sequences and series. C1 CE




Incorrect definitions A3
B5, B7, B8, B10, B11
C2,C7, C10

Table 1: Responses to Question 1

Only five students (A1, A4, B1, B4, B13) providefiddions with no erroneous
elements. However, mentioning that the sum couldvege or diverge does not
seem to be an important thing to mention for thedents, as only the students
marked with * mention this fact. Other studentsrijpalarly those from teachet)
seem to associate series with the existence afauta or regularity, which might be
a consequence of the praxeologies used. For madgrds, in their discourse, there
seems to be some confusion between sequences aesl e in the use of some
vocabulary: “it's the sum of sequences” (B2), “mfe series, it's series in which we
add the terms indefinitely” (B6), “humerical seriessequence of numbers having
some logic. Infinite sum: when you add numbersiitdly” (C4)...

We also wish to highlight the fact that most of thieidents provided informal
definitions in their own words, and only Al, A4 aBd seemed to be able to provide
a correct, symbolic definition, although none adrthmentioned the possibility of the
sum being finite or finite.

These responses seem to indicate fRalle 1 has an important effect on many
students’ learning, shaping their personal relattonseries. The praxeological
organisation necessary to solve many tasks is lyswatuctured around the
application of known criteriaR4), therefore the students are not required to
remember or to understand what a series is to dppse criteria.

Question 3
The distribution of responses to this questiomesfollowing:

No response or a rhetorical response (“good qu&gtio | B10

C4, C9

| don’t know Al, A2, A3, A4
B1, B8, B11
C1l

“It's too abstract. | just apply rules” B11, B12

Helps to find some values (likew, InX, sinx) B4, B9, B13

Mention of some convergence criteria as application | B5, B7

Helps to make approximations (to curves, in a datou, | B6, B12
or through Taylor polynomials) Cl4




Helps to calculate areas B8
C3, C10
Other B2, B3, B14

C2, C5, C6, CV,
C8, C11, C12, C13

Table 2: Responses to Question 3

Our analysis of textbooks led us to state thatbtmodts seem to teach students to
determine the convergence or the divergence of semes, but that this task has no
utility or purpose R1, R2 (Gonzalez-Martin, Nardi & Biza, 2011). The respes to
this question seem to confirm our initial impressicas most students do not seem
able to clearly state any mathematical applicatiohseries. The students who are
able to give some applications (like finding sonadues, or making approximations),
do not seem to be able to give details about howesare used (so, probably, they
just heard their teacher quickly mention some a@gpilbns).

One application which appears in certain textbo@kedelling the distribution of
medication in the blood) is vaguely rememberedusy pne student: “| am not sure,
but we can use them to determine or to know theuatnaf medication present in the
organism of a person” (B14).

We believe it is also very significant that the fetudents of teachéy acknowledge
not knowing any application. We can also see thaiost all the students who
mention the use of series to calculate some vale) make approximations, are
students from teachd8. In sum, the students’ responses lead us to leelibat
possibly, teacheh did not mention any application during his teaghivhile teacher
B probably mentioned some applications without gjviotetails, and finally, that
teacheiC made some links with integrals and Taylor polyralmi

The possible consequenceRidle 2is that students are unaware of the applications
of series. Data seem to indicate that this consempudias occurred among the
students in our sample, and the responses to quoedtiseem to confirm this
conjecture.

Question 4
The distribution of responses to this questiomesfollowing:

No response B6, B10, B12
C7, C9, C10
| don’t know Al, A2, A3, A4

B4, B9, B11, B13
Cl,C4




Example of the ball which bounces indefinitely C3

Example of the ball which bounces indefinitely (dieping| C6, C11, C14
some calculations)

In Chemistry: “every second, half the number of ecales C3
having reacted the second before, react...”

“The digestion of a substance is made in a speuwfy.| B3
After one hour, half the substance is digested. Twars
later, only a quarter of the substance remains...”

Pharmacy: “A medication which is taken every dayl
Calculate the amount of the medication in the boflya
person in this context”.

Besides mathematical applications, | don’t know B7
C5

Other B2, B8, B14
C6, C12, C13

Table 3: Responses to Question 4

None of the students were able to create a reafpstiblem, to model it and to solve
it using a series. As in the previous question,olsserve some regularities in the
responses: none of the students from teaghean give a response; all of the
students who mention the ball with infinite bounegs from teache€; again, the
example of the distribution of medication comesgrfra student from teachBr

Just as the textbooks analysis and the teachingtigga analysis suggested,
applications of series to model some situationsnse®e be generally absent from
praxeological organisations, which seems to stregthe development &tule 2
and its impact on students’ learning. Even if s@nalents seem to be aware (in a
vague way) of some applications (inside or outsiithe field of mathematics), they
do not seem to be able to further develop theno @ive specific details, probably
because tasks requiring them to do so are absanttfre praxeologies privileged in
thecollégial institution.

FINAL REMARKS

In spite of the importance of series for the depgient of modern mathematics, the
teaching of series in thellégial institution seems to reduce them to a set of caiter
and algorithms used to solve tasks which do nahdeehave any purpose (“once we
know this series converges, what do we do with khatvledge?”).

The analysis of the praxeological organisationh&f teaching of series both in the
textbooks and in the teaching practices atcthiégial level led us to conjecture the



existence of some implictiontract ruleshaving an impact on students’ learning. Our
results seem to support our conjecture, meaningstiuaents learn to solve some
guestions concerning the convergence or the dinveryef given series, without:

» Clearly being able to state what a series is.
» Clearly knowing what utility solving this task cauhave.

Even if the definition of series appears in theliexks (and usually this is the first
encounter of students with series), and some tektbpresent certain applications
(in a very vague way), praxeological organisatidosnot seem to clearly place any
importance on these elements. However, studenistarerequired to construct other
mathematical notions (like power series and Tagldynomials) from a notion they
are barely able to define, and one key mathematsivity (modelling) is
completely absent from these practices.

Our paper discusses the responses to just thresti@use from our questionnaire.
Further questions aimed at verifying other conjeetusuch as:

« Students are generally able to solve routine taglksh require the application
of some convergence criteria, but how do they pregrthem, especially in the
cases when we cannot conclude anything?

* The notion of convergence, especially in othenrsgstwhich are not symbolic
(e.g. geometric setting), is not clear for studeatmrding series.

* The identification and the manipulation of seriassettings other than the
symbolic setting are not evident for students.

We expect to continue our analyses and to provideoee detailed portrait of the
learning achieved by students within tbalégial institution, as well as to identify
other contract rulesthat praxeologies might be developing and theipaot on
students’ learning.

An awareness of the consequences of practices pewitpged at thecollégial level
could be helpful in order to begin a discussionubmow series are taught and
whether the students’ difficulties in learning ssrare taken into account in teaching
practices and finally, the possible consequencesuoknt practices. We hope that
our results can lead to the development of moreares focusing on the teaching
and learning of series, as well as to stimulatesaudsion among members of the
teaching community at the post-secondary level aliba practices which are
privileged and their consequences in the learnaigeaed by the students.

NOTES
1. “Régles de contrain the French literature.

2. Some authors have argued the importance ofitlefis to learn mathematical notions. See, for
instance: Harel, G., Selden, A. & Selden, J. (208@)anced Mathematical Thinking. Some PME



Perspectives. In A. Gutiérrez & P. Boero (Edslgndbook of Research on the Psychology of
Mathematics Education. Past, Present and Fufppe 147-172). Rotterdam: Sense Publishers.
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